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1. Introduction
The frequent observations of low frequency wave activity in 
space plasma environments climaxed with satellite missions 
to the comets Halley and Giacobini-Ziner. These cometary 
missions spurred intense research efforts which were aimed 
at understanding the corresponding excitation mechanisms 
and free energy sources. Theoretical stability analyses have 
considered background hydrogen magnetoplasmas perme­
ated by proton (or heavier) ion beams with Maxwellian [1J 
or drifting ring 12-4] velocity distributions and parallel 
propagation. Oblique propagation of these waves have also 
been considered in a number of instances [5-8],
Many of the above studies either modelled cometary 
environments or were easily adaptable to them. They did not, 
however, take into consideration the co-existencc of more 
than one new-born ion species and their eventual interaction. 
The consideration of the new-born ions fuelled yet another 
hurst of intense theoretical activity aimed at understanding 
the characteristics of hydromagnctic [9,10] and electromag­
netic [11,12] waves associated with these ions. These studies 
generally modelled the magnetoplasma with two (oxygen 
and hydrogen) ions; the effect of water ions were also 
considered.
Wave stability has thus been well investigated in cometary 
plasma environments containing more than one species of
positive ion. However, cometary plasmas also contain nega­
tive ions in abundant number, especially the coma of comet 
Halley [131- Instability studies of waves propagating in such 
environments have unfortunately neglected this aspect ol the 
composition of the plasma, though such investigations have 
been attracting some attention of late [14,15].
The plasma wave probe carried by the spacecraft Sagigakc 
detected a number of electrostatic and electromagnetic 
waves in the environment of comet Halley. Among the 
electrostatic waves, electron plasma and ion-acoustic waves 
were clearly detected. The ion-acoustic waves had a fre­
quency range of a few hundred KHz 116]. Again, the plasma 
wave instrument on the International Cometary Explorer 
(ICE) spacecraft detected, in addition to plasma waves, 
strong bursts of ion-acoustic waves when the spacecraft was 
within 2 million km of the comet Giacobini-Ziner 1171. Ion- 
acoustic waves are thus an important mode generated in the 
plasma environment of a comet.
Wc have considered the stability of the ion-acoustic wave 
in a plasma having positive ions of hydrogen (H) and singly 
ionised oxygen (0 +) and also negative ions, again of oxygen 
(0~). Such a composition approximates the plasma of the 
coma of comet Halley very well; though more than one 
species of negative ions have been found [13].
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Various aspects of wave instability with regard to angle 
of propagation, number densities, species temperatures, etc. 
have been considered. While for all compositions we find 
that wave growth is a maximum for parallel propagation, the 
heavier species (irrespective of its charge) cither aids/damps 
the instability depending on whether they are hoUcr/colder 
than the lighter species hydrogen.
2. The dispersion relation
We are interested, in this paper, on the stability of the ion- 
acoustic wave in a plasma containing hydrogen (H) and 
singly ionised oxygen (O*) as the positively charged species. 
The electrons and the negatively charged oxygen (0~) 
provide charge neutralisation. Also the hydrogen ions drift 
with a velocity LJ with respect to the two heavier species O* 
and O '. Under these conditions, the dispersion relation for 
electrostatic waves in a homogenous, unmagnetised plasma 
can easily be written by extending earlier relations for a 
single ion plasma [18] as
where Z is the plasma dispersion function of Fried and Conte 
[19], the projection of the wave vector k along the drift 
velocity V  and at are the thermal velocities, j  = e, H, O* or 
(V. Also colv arc the plasma frequencies of the diftcrenl 
species.
Assuming (O = 0Dr +iy> with (ot »  y, a Taylor series 
expansion of the plasma dispersion function, to the first order 
in yt yields :
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with m, indicating the mass and «, the number density; the 
subscripts indicating the species. The expression for the 
growth/damping rate can be written as
A_
(Ope 1$
ucos a i 3
a c exp
V cos 6 }
a  e J (4)
Wc assume 7—  «  1 and -.----- »  1 [18] and use thekar kan
Tty lor series expansion of Z  for the electron background and 
the asymptotic expansion for the drifting hydrogen ions. For 
an extensive study of the effect of the heavier ions, we 
consider both the series and asymptotic expansions of the 
plasma dispersion functions of the 0 + and O ' ions.
2.1. Case (i) Hot O* and 0~ ions :
In this section, we derive expressions for the real part of the 
frequency and the growth/damping rate from the dispersion 
relation (1), when both types of oxygen ions are hot. As 
stated above we use the senes and asymptotic expansions of 
Z respectively for the electrons and hydrogen ions. In 
addition, since the oxygen ions are assumed hot, we need 
the series expansion of Z  for these ions. Substituting these 
expansions into ( 1), and carrying out the simplification as 
indicated in (18, we get fur die real part
(5b)
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The wave grows/damps accordingly as is positive or
negative.
Inspecting (5a), wc find that the numerator A is always
positive if Y/X < 1; or in other-words, Vphase) > U
cos 61 in agreement with earlier results |18|. On the other 
hand, we find, from the expression (5b) for B that once this 
condition is met, the contribution of the hydrogen term is 
always negative. However, though X/Y > 1, the contributions 
from the oxygen ions can be made positive if these ions are 
hot, in agreement with our assumptions. Thus, the ho|, 
heavier ions can be a source of instability for the ion-acoustic 
wave.
2.2. Case (ii) Cold O* and Q~ ions :
• y i
We next derive expressions for Y2 and when the 0 + and 
0  ions are cold. Wc need the series expansion of Z fdjr 
electrons and the asymptotic expansion of Z for //, 0 + an® 
0~ ions. Proceeding as in Section 2.1, we have
and
x 5,7), exp U cos 6 X )2 aj Y )
B =
( 2 ~
1+3 an 1U cos 6 (' x  A
1
(8a)
S j V j X
f \ 2 ~
1+3 . « / ...
. (8b)
The numerator (8a) is positive if (Y/X) < 1 or Vphast. > LJ cos 
0, However, now, the wave can be fully damped since C)+ 
and 0 “ also contribute to wave damping.
2.3. Case (iii) Hot O* and cold Q~ ions :
We had in Sections 2.1 and 2.2, derived expressions for the 
real part of the frequency and the growth/damping rate when 
the O* and 0 “ ions were cither hot or cold. In this section, 
we consider the case when the O* ions are hot and the C)~ 
ions are cold, the other case will not be considered as they 
are expected to yield similar results. Thus, in addition to the 
usual expansions of Z for electrons and hydrogen ions, wc 
need the power series expansion of Z for the 0 + ions and 




i / c o s ^ l -  £  j
, „ X U  c o s  9 '
+ 2jn8nt}n YYco,,c
220 Chandu Venugopal, C P Anil Kumar, S Antony, John K Varughese and G Renuka
with A being the same as in (5a) or (8a) while
B Sh TVi 1+3 cxn
U coss<
„ X ( U  COS0Y* , 4 (  X U cos 9 '
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The other factors being the same wc find that the hot 0 + ions 
aid the instability while the cold O ions tend to damp the 
wave.
3. Discussion
Although we have derived analytical expressions for the 
dispersion relation and growth rate, eqs. (3) and (4), (6) and
(7), and (9) and (10) arc sets of coupled equations which, 
as they stand, must be solved numerically. However, when 
X ~ Y, these sets of equations can be decoupled and 
considerable, interesting information obtained from them. 
We shall thus consider each case separately.
3.7. Case (i) Hot <?+ and O ions :
As stated above, wc now consider the case of X ~ K. We also
Yassume that the growth/damping rale «  1. Eq. (3) can 
thus be rewritten as
Sunn  
r  ~
with a solution 
(Y -  X)2 a
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If we now assume that K2 and (U cos 6/at) are very small 
compared to the oxygen terms in (14) (in contrast to the case 
discussed in |18) where 2(7/ cos 6/ac)z was considered as
where
As a check on (16) we note that it closely resembles equation
(13) of [18]. As is evident from (16), the frequency ol the 
ion acoustic wave is now dependent only on the numhei 
densities of the ions and their temperatures. As regards the 
expression for the growth/damping rate, eq. (4), the quantm 
A reduces to
while B reduces to
(17l»
Since from (15), depends very sensitively on the
oxygen-ion densities and temperatures, the growth/damping 
rate is also dependent on these factors.
3.2. Case (ii) Cold O* and 0~ ions :
We had in the above section, discussed limiting cases ot the 
dispersion relation and growth/damping rate, when the O 4
and O ions were hot, under conditions of X « Y and 
«  1. Wc now carry out a similar discussion when the 6  * 
and O" ions are cold.
Expression (6) can be rewritten as
5//?]// , X 2 3 5//rj// f  an
P \  Y 2 P l (/cos 
which has a solution.
5h T)h Y2
(18)
( y - x y- =
Y2 +2f ——  T -  V  8 ,77/
V, (Xe J ^-*/=0\ O '
1±  1 +  -
Sun ii ~ „ f u cose']2 a i))
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where
p = Y2 + T ^ S S & y z Q n f - j  = o \ o \
From (19), we see that the dispersion characteristics sensi­
tively depend on the densities of the 0 + and O ions. Since 
the electrons are assumed hot, they can easily satisfy the 
conditions
( U c o s 0 ) 2 = { X , . 0',0  SjT1' a r - 
Under such conditions, the solution (19) reduces to
{ Y - X ) i S h Vho 1± 1-t
6 Yl
(2
or in other words, the dispersion characteristics of the iort* 
acoustic wave now depend only on the parametres of the 
hydrogen ion.
Considering expression (7) for the growth/damping rate, 
we have
A -  J x x (7 cos ft
a .
- i  3
while the expression for B is
o
1 or this  case, the growth/damping rate depends only on the 
(V and O densities and not on their temperatures.
Finally, we consider the case where the O* ions are hot 
and the O are cold. Expression (9) for K2, can be reduced 
to the bi-quadratic equation similar to ( 12) and (15) with the 
parameter p being given by
t/2 ( J (7 cos ft Y ->o + 4 U cos0 \  » - -/ > - r + 2j^ —~ — J + 2do rfo *1° (2i)
Again the dispersion characteristics of the ion acoustic wave 
are influenced by the densities of the O f and O" ions. Also 








We now consider our dispersion relations and expressions 
lor the growth/damping rate for typical parameters observed 
near the coma of comet Halley by the Giotto spacecraft. 
Negative ions, in three broad mass peaks at 7-19,22-65 and 
85-110 amu with densities reaching 77 £ 1 , 5 x l 0“2 and 
4 x IQ"2 cm 3 were observed. Their energies ranged between
0.03 eV to 3.0 KeV with a background of l 0 KeV. Of the 
many ionic species, O was unambiguously identified [13] 
We therefore, assume that the oxygen ions have temperatures 
equivalent to 3.0 KeV (when they are hot) and 0.03 eV 
(when they are cold). A temperature equivalent of 1.0 KeV 
was assigned to the hydrogen ions. The density*of the oxygen 
ions was assumed to be 1.0, and that of hydrogen, 3.0. These 
assignments of temperatures and densities are in good 
agreement with the observed values. The electrons were 
assumed to have a temperature of 2 v l 0 s °K while the 
hydrogen ions were assigned a drift velocity of 4.0 * 107 cm
s 1 [11,12].
Eqs. (3) and (4), (6) and (7) and (9) and (10) are sets of 
nonlinear equations that have to be solved by numerical 
methods. They were solved iteratively and convergence was 
achieved after a few hundred iterations; we present below 
the salient results. The values of the thermal velocity of the 
electrons and the drift velocity of the hydrogen ions were 
held a constant at the above values throughout our compu­
tations.
Figure 1 is a plot of the growth rate versus X/Y for 7)}} 
= 3.0; 7/o+ -  ijo = 1.0 with the thermal energies of both 
(V and O ' ions equal to 3.0 KeV as a function of cos ft
0.6, 0.7, 0.8). The growth rate is low for cos f t -  0.6; the 
wave even damps beyond a X/Y of 0.375. However, for 
cos 6 = 0.7 and 0.8, the wave is unstable over the entire 
region of X/Y  studied and the growth rate increases with 
increasing cos ft or in other words, the wave is most unstable 
for parallel propagation. This is a well known characteristic 
of the ion-acoustic wave.
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Figure 1. Plot of y  i  cofv  ve r su s  X /Y  for 77// ~ 3.0, 7/0 . - //0 “ 1 for 
a 0 * -  » 3.0 KeV as a function of cos 0  (» 0.6, curve (a), ^ 0  7, curve
(b) and = 0 .8, curve (c)).
In order to understand the influence of heavy ions on the 
growth/damping rate of the ion acoustic wave we plot, in 
y
Figure 2, versus X/Y for cos 0 - 0.8 and rj H -* 3.0 as
a function of ;fo+ or rjo~ . The growth rate is found to be the 
lowest when the heavy ions are absent, curve (a). Compared 
to the growth rate in a single ion plasma, the growth rate 
increases in.the presence of the heavier ions ( t jH ~~ 3.0, rjo+ 
or 7]o- “  1 ; curve (b)). Finally wave growth is largest when
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both the heavy ions are present ( / / / / -  3.0, 770 -  /Jo  6~ 1. 
curve (c)). The heavy, hot ions thus have a strong influence 
in increasing the instability of the ion-acoustic wave.
Figure 2. Plot of y  / (otK v e r su s  X / Y for rjH * 3 0, cos# ^  0.8 as a function 
of t]Q+ -  with a o * * (x q - ■ 3.0 KeV. Curve (a) corresponds to a 
single ion plasma, curve (b) to a two-ion plasma ( rjn -  3.0, r/0 . or tjq - I ) 
and curve (c) for a three ion plasma ( tjh = 3 0, r/o* = 1 0 and tj0 ^ 1 0 )
The other parameter that could influence the stability of 
the wave is the density of the lighter ion, hydrogen. Figure
Y
3 thus depicts the variation of versus XIY for cos 0 ~ 
0,8, //<)♦ = rjo “ 1 0 as a function of ////. Curve (a) depicts 
the variation in the growth rate for i]u -  2.5, curve (b) for 
tji{ - 3.0 and curve (c) for rjn^ 3.5. The curves indicate a 
slight decrease in the growth rate with increasing densities 
of the lighter ion, hydrogen.
Figure 3. Plol o f  y / tu p e  v e r s u s  X /Y  for rj0 + * tjq- -  1 0 with 
~ r * () *  3.0 K c V  and cos# -- 0.8 as a function of tjh Curves (a), 
(b) and (c) correspond respectively to t j h  ** 2.5, 3 0 and 3 5.
We next consider the influence of the cold, heavier ions 
on the stability of the ion-acoustic wave. As stated above 
both the CV and O ions now have a temperature equivalent 
of 0.03 cV; the temperature of both electrons and hydrogen- 
ions remaining unchanged.
Figure 4 thus depicts the variation in the growth rale 
versus X/Y as a function of cos 0(-  0.6, curve (a); - 0 7 
curve (b); -  0.8 curve (c)) for rjH~ 3.0 and rjo* = rj{) - 1 q
Figure 4. Plot of y l  cofH ve rsu s  X /Y  for t j h  * 3 0. rj0 > -  0 with
a 0+ = «<> *■ 0 03 eV as a function of cos 0  (= 0 6, curve (a), -  0 7. curve 
(b) and -  0 8, curve (c))
A comparison of Figures 1 and 4 reveals several inter 
esting features : (i) the growth rate now is nearly an order 
of magnitude larger when compared to that in Figure 1, (m 
while, in Figure I, the wave was damped at the higher end 
of X/Y for cos 0 ~ 0.6, the wave is now damped at both the 
higher and lower ends of X/Y. The damping could be due to 
the fact that the heavier ions are now cold and the consequent 
increased Landau damping, and (iii) the peak value in the 
growth rate increases with decreasing cos 0 with a gradual 
shift towards lower X/Y. However in agreement with Figure 
1 the growth rate, in general, increases with increasing cos 
0 .
Simihar to F igure 2, Figure 5 is intended to bring out the 
influence of the heavy ions on the stability of the ion acoustic
Figure 5. Plol of y  / ve rsu s  X /Y  for tjh -  3 0, cos 6  » 0.8 as a function 
of rjQ* and rjQ with a 0 ™ 0.03 cV. Curve (a) corresponds to a 
single ion plasma ( t j h  *= 3.0, rjo♦ -  Vo ~ 0)i curve (b) to a two ion plasma 
( r/// -  3 0, rjo* or Vo- ^ * 0) and curve (c) to a three ion plasma ( tjh
~~ 3 0, ~ rj0~ ~ 1.0).
E lectrosta tic instabilities in multi-ton plasm as
wave. Thus it depicts the variation in versus X! Y tor cos
ff 0 8 and ijH = 3.0 as a function o f  70 , and i)0 . It is 
seen that in a single ion plasma ( 70 + -  /*> -- 0 , curve (a)) 
the growth rate is low  and approximately a constant. It 
in c re ases  slightly when either O 4 or O" ions are added ( r;0 . 
or Vo-  ^ * curve, (b)); the peak in the growth rate increases 
tiemendously when both types o f  heavy ions are included 
t jj0< *= v() - = 1, curve, (c)). H owever, in contrast to Figure 
2, the growth rate is alm ost independent o f  the heavier ion 
densities for higher values o f  X/Y.
A plot sim ilar to Figure 3 was made to study the variation
in the growth/dam ping rate with the hydrogen ion density.
y ,
Figure 6 thus depicts a plot ot ~ ~  versus X/Y as a function*
of tjk (= 2.5, indicated by curve (a) and 3 0 , curve (b)). It?
is seen that the peak in the growth rate, depicted in thes
Figures 4 and 5, show s a sharp decrease with decreasing rj/f}
However, sim ilar to Figure 3, the growth rate shows a slight
decrease with increasing rjH after the peak value.
F i g u r e  6 .  P l o t  o f  y /  to lH> v e r su s  X /Y  i or -  »/o L  w i t h  
-  0 03  c V  a n d  c o s  0  ~  0  8 as a f u n c t i o n  o t  ;/ / / , C urve ( a )  is f o r  rpi -  
2 5 a n d  curve (b) f o r  7 // - 3 0
Finally, w e consider the case where one o f  the heavy ions 
(say O ') is hot and the other (say O ) is cold. The O 4 ions 
have a temperature equivalent to 3.0 KeV and the O ions, 
an equivalent o f  0.03 eV  the other temperatures, o f  electrons 
and hydrogen ions, remaining the same. Figure 7 is thus a 
plot o f  the growth/dam ping rate versus XIY for cos 0  = 0.6, 
0.7 and 0.8  with rjH -  3 .0  and ?jo+ = Vo 1-0 . For 
cos 0 -  0.6  (curve (a)) the w ave damps for both low  and high 
XIY; for other values o f  cos 0  the w ave is unstable at higher 
X/Y. The growth rate is again found to increase with increas­
ing cos 0  (=  0.7 , curve (b); -  0 .8 , curve (c)).
The influence o f  the heavy ions on the growth/damping 
rate was found to be sim ilar to Figures 2 and 5; the hot ions 
( 7o* 1, tjo »  0 ) tending to aid the instability w hile the
cold ions ( tja* -  0 , VO -  1.0 ) tending to damp the wave.
2 2 3
F i g u r e  7 .  P l o t  o f  y  / a>tK versus X /Y  f o r  //C).  -  l o  ( r / 0 * *  0  K c V ) ,
7o  = 1 0 ,  Qq ~ r  0  0 3  e V )  w i t h  r/p  ~ 3 0  as a  f u n c t i o n  o t  c o s #  0  6 . 
c u r v e  ( a ) , *  0 . 7 .  c u r v e  ( b )  a n d  =  0  8 , c u r v e  ( c »
As mentioned in Section I, ion acoustic w aves in the 
frequency range o f  a few hundred KHz were observed in the 
plasma environments o f  com ets Halley [16] and Giacobini- 
Zmer [ 17]. Our calculations, for typical values o f  parameters 
observed in the com a o f  com et Halley, indicate that the ion- 
acoustic waves can be driven unstable by the heavier ions 
when they are hot. W hile these heavy, hot ions may not be 
the only agent that drives the ion-acoustic wave unstable, 
they can certainly add to the instability o f  the observed ion- 
acoustic waves.
5. Conclusions
We have, in this paper, studied the stability o f  the ion- 
acoustic wave in a multi-ion plasma com prising o f  drifting 
hydrogen and heavy ions O 4 and O '. Expressions for the 
dispersion relations and the growth/dam ping rates, for ob­
lique propagation, were derived for various temperature 
conditions o f  the heavier ion species. The w ave is most 
unstable for parallel propagation with the heavier ions 
tending to aid the growth when they are hot and damping 
the instability when they are cold.
The hot, heavier oxygen ions can thus enhance the 
instability o f  the ion-acoustic w aves which have been ob­
served in the plasma environm ents o f  com ets Halley and 
Giacobini-Ziner.
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